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Abstract 

We study algebraic varieties parametrized by topological spaces and enlarge the domains of 
Lawson homology and morphic cohomology to this category. We prove a Lawson suspension 
theorem and splitting theorem. A version of Friedlander-Lawson moving is obtained to prove 
a duality theorem between Lawson homology and morphic for smooth semi-topological pro- 
jective varieties. K-groups for semi-topological projective varieties and Chern classes are also 
constructed. 

1 Introduction 

Algebraic cycles are basic ingredients in studying invariants of algebraic varieties. The collection 
of all r-dimensional algebraic cycles of a projective variety X forms a topological abelian group 
Z r (X). Lawson studied these groups from a homotopic viewpoint ( Law89.) and proved a 
suspension theorem which serves as a cornerstone for Lawson homology and morphic cohomology 
developed later by Lawson and Friedlander f |Fri91[ IFL921 IFL981 IFL97] ). A continuous map 
/ : S n — > Z r (X) from the n-sphere to Z r (X) can be viewed as a family of algebraic cycles 
parametrized by S n . This family can also be considered as "an" algebraic cycle of X x S n . This 
motivates us to consider algebraic varieties parametrized by topological spaces and consider 
algebraic cycles on them. 

When the base space is an algebraic variety and the parametrization is algebraic, this is 
just the relative theory of algebraic varieties. The main point of our studying is that the base 
space is a very general topological space, the ring of continuous complex-valued functions of 
it is usually not Noetherian. It is well known in the algebraic case when we wish a family of 
algebraic varieties behaves well we need to require the family to be flat over the base scheme. 
The flatness of a family of varieties is equivalent to the property that the family is the pull back 
of the universal family over a Hilbert scheme by an algebraic morphism to the Hilbert scheme. 
So to obtain a nice theory, we define our "semi-topological variety" to be a continuous map 
from a topological space S to some Hilbert scheme with some additional technical assumption. 
We are able to define semi-topological algebraic cycles on semi-topological projective varieties 
and extend the definition of Lawson homology and morphic cohomology to them. This paper 
is the first part of this theory. A Hodge theory and Riemann-Roch theorem will be given in a 
forthcoming paper. 

Let us give a brief overview of this paper. In section 2, we define semi-topological projective 
varieties and algebraic cycle on them. Some basic topological properties of semi-topological cycle 
groups are studied. In section 3, we prove the Lawson suspension theorem and splitting theorem 
for semi-topological projective varieties. In section 4, we give a version of Friedlander-Lawson 
moving lemma for semi-topological projective varieties and use it to prove a duality theorem 
between the Lawson homology and morphic cohomology for semi-topological smooth projective 
varieties. In section 5, we compute the Lawson homology group of divisors in a semi-topological 
smooth projective variety. In section 6, we construct K-groups and Chern classes. 
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2 Semi-topological varieties 

Let us briefly recall the construction of cycle groups of complex projective varieties. For a com- 
plex projective variety X, we write ^^(X) for the collection of effective r-cycles of degree d on 
X. According to Chow theorem, ^^(X) is a projective variety. Let ff r (X) = ]J d>0 ^-^(X) 
be the Chow monoid and Z r {X) = \f/a r (X)] + the naive group completion of ^ r (X). Let 

K r A X ) = U dl +d 2 <d<^rM X ) X KM X )) where * : %( X ) x %{X) -»■ Z r (X) is the map 
(a, b) ^ a — b. We have a filtration 

K rfi (X) C K rA (X) C-.. = Z r (X) 

Each K rt d{X) is compact and the topology of Z r (X) is the weak topology induced from this 
filtration. With this topology, Z r (X) is a topological abelian group. If Y is also a projective 
variety, we write Z r {Y)(X) for the group of algebraic r-cocycles on X with values in Y, i.e., 
c G Z r (Y){X) if c G Z r+ fe(X x y) where fc is the dimension of X, the projection from c to X is 
surjective and fibres of c over X are r-cycles in Y. 

Throughout this paper, S is a compactly generated topological space with based point sq. 
We write Pg for P" x 5. 

Definition 2.1. ^4 semi-topological projective variety over S is a continuous map X : S — > 
Hil P (Y n ) such that X s is a normal projective variety for all s G S where Hil p {¥ n ) is the Hilbert 
scheme of P™ associated to a Hilbert polynomial p. We write X C Pg in this case. We define 
the dimension o/X to be the dimension o/X So , and |X So | /or t/ie algebraic variety corresponding 
to X So . 

Definition 2.2. Suppose X C Pg, Y C P™ are semi-topological projective varieties over S. Let 

Z r (Y)(X) := {a G Map((S, s ), (Z fe (P n x P m ),0))|a(s) G Z r (Y s )(X s )} 

where fc = r + dimX. Let Z fei < e (P" x P m ) 6e t/ie image o/U ei+e2<e %, ei (P n x P m ) x %\ e ^ n X 
P m ) m Z fe (P"xP m ). T/ie topology ofZ k (F n xP m ) is the weak topology induced from the filtration 

Z fe ,<o(P" x P m ) C Z fe! <i(P™ x P m ) C • • • = Z k (F n x P m ) 

Let Z r ,< e (Y)(X) := Map((S,s ), (Z k ,< e {P n x P m ),0)) n Z r (Y)(X). We give Z r (Y)(X) t/ie weafc 
topological induced from the filtration 

Z r ,< (Y)(X) C Z r ,<i(Y)(X) C • ■ • = Z r (Y)(X) 

w/iere eac/i Z r! < e (Y)(X) is endowed with the compact-open topology. Then Z r (Y)(X) is a topo- 
logical abelian group. 

Definition 2.3. If Y, Y' are two semi-topological projective varieties, we say that Y' is a sub- 
variety ofY, denoted asY'CY if |Y' S | C |Y S | for all s G S. A semi-topological Zariski open set 
if a set of the form |Y - Y'| where Y'CY. 

Definition 2.4. Suppose X C Pg, Y C P™. Suppose for each s e S, f s : |X S | -> |Y S | is a given 

morphism of projective varieties. The assignment s i-> / s is said to &e a morphism between X 
and Y, denoted f : X — >• Y i/ s M> gr/ s G ^ r (P" xP") is continuous where grf s is the graph of 

fs- 
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Definition 2.5. If f : X — s> Y is a morphism of semi-topological projective varieties, define 
U : Z r (X)(W) -> Z r (Y)(W) by 

(/.«)(«) := g..((|W.| x 5 r/ s ) 
w/iere p:WxXxY->WxI, o:WxXxY— >WxY are projections. 
Proposition 2.6. /* is continuous. 

Proof. We note that it is well known that the intersection product on cycles intersecting properly 
is continuous |Ful98j . Suppose [3 : T -> Z r (X)(W) is continuous where T is some topological 
space. Then (f*{f3(t)))(s) = g s *((|W s x grf s ) • p* s (f3(t)(s))) which is continuous in t. Thus /* 
is continuous. □ 

Proposition 2.7. IfY' is a subvariety ofY, then Z r (Y')(X) is closed m Z r (Y)(X). 

Proof. For a € Z r ,< e (Y)(X) - Z r ,< e (Y')(X), there is s x G S such that a(si) £ Z r ,< e (Y ^ )(X Sl ) - 
Zr,< e (Y' Sl )(X Sl ). Since Z r ,< e (Y' Sl ){T Sl ) is closed in Z r ,< e (Y Sl )(X Sl ), see |Tehl01 Prop 2.9], 
there is V open in Z k < e (P" x P m ) such that a(s x ) £Vr\Z r < e (Y Sl )(X Sl ) C Z r < e (Y sl )(X Sl ) - 
Z ri < e (Y' s J(X Sl ). Let' 

W = {/3 G Mop((S, s ),(Z fej < e (P" x P m ),0))|/3( Sl ) g y} 

then is open in Map((S, s ), {Z kl <(F n x P m ), 0)) and a G W R Z r ,< e (Y)(X) C Z r .< e (Y)(X) - 
Z r ,< e (Y')(X). Therefore Z r ,< e (Y)(X) - Z r ,< e (Y')(X) is open and Z r ,< e (Y')(X) is closed in 
Z r ,< e (Y)(X). We then have Z r (Y')(X) is closed in Z r (Y)(X). □ 

Recall that there is a functor k (see |Ste67j ) constructed by Steenrod from the category of 
topological spaces to the category of compactly generated spaces which acts like a retraction. 
Furthermore, for any topological space X, X and k(X) have the same homology and homotopy 
groups. Recall that by the construction in |Teh08j . if H is a normal closed subgroup of G and 
both are compactly generated, then the short exact sequence — > H — » G G/H — » gives a 
fibration 

Bh *- Bq 



Bg/h 

where BG is the classifying space of G. Thus we have a long exact sequence of homotopy groups 

> TT n (H) -> 7T„(G) -> 7T„(G/H) -> TT n ^{H) -> • • • 

Combine with the Steenrod functor fc, once we have some complicated topological abelian groups 
that form the short exact sequence stated above, we get a long exact sequence of homotopy 
groups. The following is an application of this result. 

Definition 2.8. Let 

and 

Z*(X) := Z r (P^;P^ 1 )(X) 
where Y' is a semi-topological subvariety ofY. 

Corollary 2.9. We have a long exact sequence of homotopy groups 

► 7r„Z r (Y')(X) -». 7r„Z r (Y)(X) -> n n Z r {Y; Y')(X) -»• 7r„_iZ r (Y')(X) -> ■ • • 
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Definition 2.10. Let pt : S —> Hil p (¥ n ) be a constant map whose image is a point in P n . 
Then Z r (Y)(pt) is isomorphic to Z r (Y)(j>t') for any two such maps pt,pt' . We write Z r (Y) := 
Z r (Y)(pt) without referring to which point we take. The map pt is called a point map. 

Definition 2.11. Define 

H s , n (X) := vr„Z (X) 

and 

Hg(X) := 7r 2m _„Z m (X) 

where m is the dimension o/X. 

Example 2.12. When S — S° the 0- dimensional sphere, X = X x S° for some projective 
variety X , 

M S , n (X) - TT n Z (X) SS 

by the Dold- Thorn theorem. If X is smooth, then 

FL PD 

ms(x) = n 2m _ n z m (x) = 7r 2m - n z (x) e H 2m _ n {x) s irpo 

where FL is the Friedlander-Lawson duality isomorphism and PD is the Poincare duality iso- 
morphism. 

3 Suspension theorem and splitting theorem 

Let us recall that if X C P™ and G P n+1 \P ra , the suspension f,X of X with respect to 
is the join of X and . 

Definition 3.1. Suppose that Y C P™, pi a point map with image in p m +!^p m . The suspension 
of Y with respect to pt is the semi-topological subvariety 

(&tY)(«) := ? pt(s) Y s 

So we have $ pt Y C P™ +1 . The suspension induces a map Z fc (P n x P m ) -^H Z fe+ i(P n x P ra+1 ) 
by suspending P m . Hence for each a G Z r (Y)(X), ^ pt induces a semi-topological cycle in 
Z r +i($Y)(X) in the following way 

($ pt a)(s) := $ pt a{s) 

Theorem 3.2. Let pt = [0 : • • • : : 1] G P m+1 , Y C P™,X C P™. Tften $ pt * : Z r (Y)(X) -> 
Z r ._|_i(^ pt Y)(X) is a iweaA; homotopy equivalent. 

Proof. We write $ for $ pt . Let 

T r+ i(^Y)(X) := {a G Z r+1 (^¥)(X)\a(s) meets X s x Y s properly in X s x $Y S , for all seS} 

Let A C p m + 1 x P 1 x P m+1 be the closed subvariety constructed by Friedlander in |Fri91[ Prop 
3.2] which is a geometric description of Lawson's holomorphic taffy. Let A t := A» (P™ 1+1 x {t} x 
P" 1+1 ),i G C. Then for a G T r +i($Y)(X), 

$ t (a) := qt *(p* t a . (P n x A*)) G T r+1 ($Y)(X) 

where p t : P" x P m+1 x {t} x P m+1 -> P n x P m+1 and q t : F n x P m+1 x {£} x P m+1 -> P" x P m+1 
are the projections to the (1, 2)-component and the (1, 4)-component respectively. If t = 0, 
$o(a) € ^r(Y)(X). Not difficult to see that $ is a strong deformation retract of T r+ i($Y)(X) 
to $Z r (Y)(X). 
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Let xi = [0 : • • • : : 1] € P m+2 ,x 2 = [0 : • • • : : 1 : 1] 6 P m+2 . Recall that by [FL981 
Prop 2.3], for any d > 0, there is e(d) > such that for any e > e(d), there is a line L e in 
< ^m+i,e(I I>m+2 ) containing eP m+1 such that we have a map 

* e : Z r+1 .< d (F m+1 ) xL e 4 Z r+1 ,< rfe (P m+1 ) 

defined by 

y e (Z,D):=p 2 *(( Xl #Z)*D) 

where p 2 ■ P" l + 2 — {x 2 } — > P m+1 is the projection with center {2:2}. Furthermore, for £> G 
L e - {eP m },* e (Z,D) G r r+ i, de (P m+1 ) and * e (Z,eP m ) = eZ. When we restrict cycles having 
support in C p m + 1 by checking the definition of ^> e , we get a map 

* e : Z r+h < d (pl) xi e 4 Z r+h < de (pl) 

with the corresponding properties. For a G Z r +i < c j(^Y)(X), define 

* e (Z, £>)(«) := p 2 *((zi#e*(s)) • (D x |X S |)) 

This map is continuous in s and have the homotopy property as before. Note that if / : C — > 
Z r +\ ($Y) (X) is a map from a compact topological space C, the image Imf is compact and 
Imf C Z fc (P™ x P m ), by [TehlOl Lemma 2.8], Imf C Z fc ,< d (P n x P m ) for some d > 0. Therefore 
Imf C Z r+1 ,< d ($Y)(X). 

We show that the map i* : T r+ i(^Y)(X) — > Z r+ i($Y)(X) induced from the inclusion is a 
weak homotopy equivalence. Let [/] G 7r„(Z r+ i(^Y)(X)) be a based point preserving continuous 
map. Since Imf is compact, Imf C Z r+ i.<d(^Y)(X) for some d. Then by the result above, 
there is a map * e : Z r+1 .< d ($Y)(X) x L e 4~Z r+ i,< de (^Y)(X) such that * e (/(s),eP m ) = /(a), 
* e (/(s),£>) G T r+ i(^Y)(X) for D e L e - {eP m }.' Hence i,[* e (/,Z>)] = [/] which implies that 
is surjective. For injectivity, if [g] G 7r n T r +i($Y)(X) is mapped to by i* in Z r+ i(^lY)(X), 
then i % g can be extended to a map g : D n+1 —> Z r+ i(^Y)(X) where D n+1 is the unit closed 
ball. Again, by choose some ^f e , we can show that g is homotopy to some ^ e (g, D) '■ D n+1 — > 
T r +i($Y)(X). Thus [g] — 0. Combining with previous result, the proof is complete. □ 

Theorem 3.3. (The splitting theorem) IflLisa semi-topological projective variety, then there 
is 

ft : Z (P*)(X) Z\X) x Z*- X (X) x • • • x Z°(X) 
which is a weak homotopy equivalence. 

Proof. Recall that there is an isomorphism P™ = %) >n (W ) for any positive integer n. The 
projection map P* = ^o.tQP 1 ) -> ^ (y(P fe ) defined by 

Xi + h!5(4 ^ X/ 

/c{i,...,t},|/|=fc 

where x/ = x ix +• • for 7 = {ii, i t } induces a map & : Z (P|)(X) Z (P|)(X) -> Z fe (X) 

for < fc < t. We have a commutative diagram 

Z (P* S - 1 )(X) Z*- 1 ^ x • • • x Z°(X) 



Z„(I* )(X) — SU- Z*(X) x Z*- X (X) x • • • x Z°(X) 
Z'(X) ^ Z*(X) 
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where q is the quotient map, p is the projection map. From the homotopy sequence associated 
to the vertical columns, we get the result by induction on t. 

□ 

4 Moving lemma 

Let H = Hil p (P n ) be the Hilbert scheme of P n associated to the Hilbert polynomial p, and 
H H be the universal family over H . Suppose each algebraic variety parametrized by H is 
of dimension m. Let U^(d) C P(F(C P « (d) m+1 )) be the Zariski open set of those F = (/ , fm) 
such that 

& F :={(t,h)eF%\F h (t) = 0} 

misses H where Fh = (fo,h, ■ fm,h) is obtained from pulling back F by the inclusion z <-> (z, h) 
from P ra to P^-. Then F induces a finite morphism p F : H — > P^ by pf{x) := Pf w ^ {%)■ 
For Y G tf r ,< e (H)(H),Z e ^< e (H)(H), let 

Y* F Z := {(y,z) E Y x H Z\y ^ z,p F {y) ± p F (z)} 

where Y Xjj Z is the fibre product of Y and Z over H. 

Follow similar approach as in [FL981 Prop 1.3], we get the following result 

Proposition 4.1. Suppose that r + £ > m, e G N. There is a Zariski closed subset 3§{d) e C 
Ufr(d) withlmid^oo Fcodim38(d) e — oo where Fcodim£$(d) e = min{codim3§(d) e ^h\ and 38(d) e ,h '■= 

h 

{F h \F G m(d) e , h } such that for any Y G ^< e {H){H), Z G ^< e (H)(H), \Y h \* Fh \Z h \ has pure 
dimension r + £ — m whenever F G U^(d) — 3§{d) e . 

Now let X : 5 -> i? be a semi-topological projective variety. Then the pullback X*P^ — P^ 
and for F G P(r(C P n (d)) m+1 ), X*F(rc, s) := X(s)), X*F G P(r(0 Pg (d) m+1 )). Define 

Px-f :X*(fl) -^P£ by 

Px*f(x,s) := Pf x(s) (x) 

where a; G H, s G 5. For a G Z n < e (X), /3 G Z*,< e (X), 

a*x*F /? := {(a, b) G |a| x s |/3||a / b,p x * F (a,s) ^ px*f(M)} 

Let Ug(d) C P(r(Opg (d) m+1 )) be the semi-topological Zariski open set of those F = (/o, / m ) 
such that 

jSf F :={(M)ePg|F s (t) = 0} 

misses X*H. Then by taking 3§(d) e — X*(£$(d) e ), from the above result, we also have enough 
good projections for semi-topological projective varieties when the degree is large enough. 

Corollary 4.2. Let X C Pg be a semi-topological projective variety of dimension m. Suppose 
that r + £ > m, e G N. There is a semi-topological Zariski closed subset £$(d) e C Ux(d) with 
limd-j.oo FcodimSS{d) e = oo such that for a G Z r! < e (X),/3 G Z^< e (X), |a s *p s /3 S has pure 
dimension r + £ — m where F G U%(d) — 3${d) e . 

Once we know how to find good projections for semi-topological projective varieties, follow 
argument of Friedlander and Lawson in |FL98] . we get a moving lemma for semi-topological 
projective varieties. 

Theorem 4.3. Let X C Pg be a semi-topological projective variety of dimension m. Let r,£,e 
be nonnegative integers with r + £ > m. Then there exist an open set O of {0} in C and a 
continuous map 

* : %(T) xO^ f ^(X) 2 
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such that 7r o <J/ induces by linearity a continuous map 

* : Z e (K) x O -> Z S (X) 

satisfying the following properties. Let ip p — ^\z s (X)x{p} for p G C 
1. = M 

12. For any p £ O , ip p is a continuous group homomorphism. 

3. For any a G Z^< e (X), /3 G Z r! < e (X), and any p ^ in O, each component of excess 
dimension of the intersection |a(s)| D |Vv(-20| «s contained in the singular locus of |X S |, /or 
sgS. 

Let (X, Y) be a pair of semi-topological projective varieties in Pg where Y C X. We say 
that a map / : (X, Y) — > (X',Y') between two pairs of semi-topological varieties is a relative 
isomorphism if / : X — >• X' is a semi-topological morphism such that / : X — Y — > X' — Y' is an 
isomorphism of semi-topological quasi-projective varieties. The following example is the most 
important case to us. 

Example 4.4. Define (j) : (X x s ¥%, X x s P^T 1 ) -> (^'X^ -1 ) fey 

<^>(([xo : • • • : x n ], s), ([a : • • • : a t ], s)) := ([a x : • • • : a x n : ai : • • • : at], s) 

where we identify the Pg _1 o/ i/ie second pair to the hyperplane at infinity of $*X. T/ien not 
difficult to see that <fi is a relative isomorphism. 

The following lemma is a special case in order to define the cycle groups for quasi-projective 
variety (see |Li92j ) but it is enough to prove the duality theorem. 

Lemma 4.5. Suppose that f : (X, Y) — > (X',Y') is a relative isomorphism where dimY' < r, 
then Z £ |y| is weak homotopic equivalent to and ^ r |y') is isomorphic to Z r (K'). 

Proof. The morphism / : X — > X' induces group homomorphisms /* : Z r (X) — > Z,.(X') and 
/* : Z r (Y) — > Z r (Y'). Since / restricts to X — Y is injective, this gives the injectivity of 
f* : ^[y) ~~ * z'-(Y') ■ But since r > dimY', Z r (Y') = {0}. Hence /* is surjective and § r |y') = 

z r (x'j. "" r □ 

By using the moving lemma, we got the following duality theorem which is proved by similar 
arguments in |FL97j . 

Theorem 4.6. (Duality theorem) Suppose that X C Pg,Y C Pg where dimX. = m, X, Y are 
smooth. Then there is a weak homotopic equivalence: i* : Zfe(Y)(X) = Z TO+ fe(X x Y) where i is 
the inclusion. 

Corollary 4.7. Suppose that X ia a nonsingular semi-topological projective variety with dimen- 
sion m. If < t < m, then Z*(X) is weak homotopic equivalent to Z m _ t (X). 

Prnnf 7*(X\ - ^( pt )( X ) ~ gmg*jj) ^ Z m ($>X) ^ „ ryt ^ _ y m n 
rroo/. Z (A J - Zo(P t-i)(x) - Z m (XxP t / 1 ) ~ Z m (XxP-i) - &mVh A i ~ Z m-tW U 

5 Semi-topological divisors 

Suppose that the dimension of X is greater than 0. Let 

K[X] = nS)[Z ,....,z n ]/I(X) = ®K d (X) 

d>0 

where ^(S) is the ring of complex-valued continuous functions on S, and Kd(X) is the collection 
of homogeneous polynomials of degree d in FT[X]. 
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Proposition 5.1. If f G c t?(S)[zo, z n ] is homogenous of degree d which is not a zero polyno- 
mial for any seS, then f defines an effective semi-topological divisor (/) G < ^'„_i(Pg) by 

(/)(*) := (/.) 

for seS w/iere (/ s ) is the divisor on P™ defined by f s . 

Proof. Since / s is not a zero polynomial for any s G S, (f s ) is an effective divisor for any 
s G S. From the definition of Chow form, we see that the coefficients of the Chow form 
F(fs) °f (/s) are continuous functions of the coefficients of /. This implies that the assignment 
(/) : S ->■ < ^„-i, d (P Tl ) is continuous. □ 

Definition 5.2. Lef ^(S)[zo, Zn]<2,x be the collection of all f G ^ (S)[zo, z n ) of degree 
d such that (f s ) meets X s properly in P™ /or ad s G 5. For / + /(X) G ifd(X) w/iere / G 
< ^(S , )[z , -,z„] d;X , Ze£ 

(/ + /(X))(«) := (/ S ).X S 
/or s G S Then (/ + /(X)) is a semi-topological divisor on X. Let 

W d (X) := {(./ + J(X))|/ G ^(5)[z , z n ] d , x } 

Let W(X) -U d > W d (X) and 

Z m _i(X) Mn = {a - /3| w/iere a,/3 G W(X),a(s ) = 0(»o)} 

W^e say t/iai a semi-topological divisor D G Z m _i(X) is semi-topologically linearly equivalent to 
zero ifD G Z m _i(X) Kn . 

Proposition 5.3. Let T d (X) = {(/)|/ G V(S)[zo, T(X) = IL> T d (X) and 

f (X) := {(/) - ( 3 )|(/)(s ) = (. )(s ), (/), ( 5 ) G T(X)} C Z ro _r(X) 

TTien 

L T(X) is isomorphic as a topological group to Z TO _i(X) . 

T(X) is weafc homotopy equivalent to Z„_i(Pg) where X C Pg. 

Proof. The isomorphism between T(X) and Z m _i(X) hTl is given by the natural map(/) — (g) n> 
(/ + /(X)) — (g + /(X)). By moving lemma, for any e > 0, there is an integer e(d) such that for 
any k > e(d) there is a continuous function 9^ : Z n _i i < e (P") x ^° — > Z n _i ; fc e (P") such that 

f. 9 fe (c,0) = fee, 

2. fe (c,i) meets X s properly for t G ^°\{0}. 

Then follow exactly the argument in proving the suspension theorem, we show that the 
inclusion i* : T(X) —> Z„_i(Pg) is a weak homotopy equivalence. □ 

Proposition 5.4. Suppose that X C Pg is a semi-topological variety of dimension m. Then 
Z m -i(K) hn is weak homotopy equivalent to Map((S,S), (Zo(P 1 ),0)). In particular, 



7T^ m _i(X) Mn = { 



' H 2 (S), if 1 = 

H\S), if l=\ 

H°(S), if £ = 2 

0, otherwise 
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Proof. We have a homeomorphism between ^{S^zq, z n ]d and Map(S, c( d )) by 

/ i-> coefficients of / 
This homeomorphism reduces to a homeomorphism 

%- M (P") = Mop^pW)- 1 ) £* Map(5,^ ( n+ d) _ 1 (P 1 )) 

Thus Z„_i(Pg) = Map((S, s ), (Z (P 1 ), 0)). From the result above, we have weak homotopic 
equivalent Z m _i(X)' in = T(X) = Z„_i(Pg) ~ map((S, s ), (^(P 1 )^). □ 

6 Chern classes 

Definition 6.1. Suppose that the dimension of a semi-topological variety X is k. Let 

^(PgXX) := {a G Map(S^ k+n - s (P m x P"))|a(s) G ^ S ^(P")(|X S |)} 
w/tere ^ S ' 1 (P")(|X S |) := Sf„_ a ,i(|X,| x P"). 



By suspension, we have a sequence 

► < ^ 5 ' 1 (P")(X) -> < ^ S ' 1 (P" +1 )(X) -> ^ S ' 1 (P" +2 )(X) -> 



Let 

and let 



<^,i( P °°)(X) : = lim ^ ,S ' 1 (P")(X) 

n— >-oo 



Veci s (X) := [^ ,S ' 1 (P 00 )(X)] + 
be the group completion. Note that we do not fix a based point for Vect s 



Vect s (X) := {/ - g G Vect s (X)|/ So = ff , } 



and let 



Vect s (X)„ := {/ - g G Vect s (X)|/, .g G ^ S ' 1 (P")(X)} 
then we have the following sequences and maps 



Vect s (X) n - 
Ye~ct s (X) n+1 



+ Z„_ s (Pg)(X) 



Z„_ S (P£ +1 



Let 



and we get a map 

Ye~ct s (X) -»• lim Z„_ s (Pg)(X) 

n— »oo 

By taking 7Tq on both sides, we get a homomorphism 

5 

7r Wct s (X) 7T ( lim Z„_ s (Pg)(X)) = tt Z o (¥^){X) =G}VH 

J=0 



2'/ 
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Definition 6.2. For [a] e 7r Vec£ s (X), c([a\) 6 0* =o UH 2l {X) is called the total Chern class 
of [a]. 

The inclusions 

^ x (Pg)(X) ^ < ^ S+1 ' 1 (P^ +1 )(X) <^> ^ S+2 ' 1 (P™ +2 )(X) • • • 

induce inclusions on 

< g' s ' 1 (P^)(X) <->• ^ S+1 ^(P^)(X) < ^ S+2 ' 1 (P^)(X) 

which induce again maps on 

V«;i s (X) -> Veci s+1 (X) -> vTd s+2 (X) ->•••• 

Let 

Veci(X) := lim Veci s (X) 

s— >oo 

Definition 6.3. Suppose that X is a semi-topological projective variety. Let 

K n (X) := Tr n Ye~ct{X) 

This is called the n-th K- group o/X. 

This construction of Chern classes is a preparation for a proof of Grothendieck-Riemann- 
Roch for semi-topological projective varieties. 

Example 6.4. When S — S° , X = X x S° where X is a smooth projective variety. Then 

K n (X) = K^ m \X) 

where K n (X) is the semi-topological K -group of X constructed by Friedlander and Walker 
\FW02\ [FWU3y . 
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